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Suppose X and Y are locally compact Hausdorff spaces, E and F are Banach
spaces, and F is strictly convex. We show that every linear isometry T from
 .  .  .C X, E into C Y, F is essentially a weighted composition operator Tf y s0 0
 .   ...h y f w y . Q 1997 Academic Press
Let X and Y be locally compact Hausdorff spaces, E and F be Banach
 .  .spaces, and C X, E and C Y, F be the Banach spaces of continuous0 0
E-valued and F-valued functions defined on X and Y vanishing at infinity,
respectively. Recall that a Banach space E is said to be strictly con¨ex if
every norm 1 element of E is an extreme point of the closed unit ball UE
w xof E. In 7 , Jerison gave a vector version of the Banach]Stone theorem: If
X and Y are compact Hausdorff spaces and E is a strictly convex Banach
 . w  .xspace then every surjecti¨ e isometry T from C X, E s C X, E onto0
 . w  .xC Y, E s C Y, E can be written as a weighted composition operator,0
 .  .   ...  .i.e., Tf y s h y f w y , ; f g C X, E , ; y g Y, where w is a homeo-
morphism from Y onto X and h is a continuous map from Y into the
  . .space B E, E , SOT of bounded linear operators from E into E equipped
 .  .with the strong operator topology SOT such that h y is an isometric
isomorphism from E onto E for all y in Y. Several generalizations of the
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Banach]Stone theorem in this direction have appeared subsequently see,
w x.for example, 1 . We shall show in this note:
THEOREM 1. Suppose X and Y are locally compact Hausdorff spaces, E
and F are Banach spaces, and F is strictly con¨ex. Let T be an into linear
 .  .isometry from C X, E into C Y, F . Then there exist a continuous function0 0
w from a subset Y of Y onto X and a continuous map h from Y into1 1
  . .  .B E, F , SOT such that for all f in C X, E ,0
Tf y s h y f w y , ; y g Y . .  .  . . . 1
5  .5Moreo¨er, h y s 1, ; y g Y , and for each e in E and x in X,1
5 5 5 5sup h y e : y g Y and w y s x s e . 4 .  .1
Consequently,
def
5 5 5 5 5 5 5 5Tf s f s Tf s sup Tf y . .`<Y 11
y gY1 1
w xIt is easy to see that Jerison's result 7 is a corollary of Theorem 1. As
w xindicated in 2 , there is a counterexample in which the conclusion of
 w x.Theorem 1 in fact, even the one of Jerison 7 does not hold while the
assumption on strict convexity is not observed. When X and Y are
w xcompact Hausdorff spaces, Theorem 1 reduces to a result of Cambern 3 .
It is plausible to think that Theorem 1 could be easily obtained from its
w xcompact space version 3 by simply extending an into isometry
 .  .  .  .T : C X, E ª C Y, F to an isometry from C X , E into C Y , F ,0 0 ` `
 .  .where X resp. Y is the one-point compactification of X resp. Y .` `
w xHowever, Example 9 in 6 indicates that even in the simplest case
 .  .E s F s R there is an isometry from C X into C Y that cannot be0 0
 .  .extended to an isometry from C X into C Y . Thus Theorem 1 cannot` `
be obtained directly from the statement of the compact space version. It is,
w xhowever, possible to modify the argument in 3 to get a proof of Theorem
 .  . w1. The key is ``F x s 0 implies AF y s 0,'' in Cambern's notation 3,
x  .  .Lemma 2 , which allows us to define `` A e s AF y ,'' where F is anyy
 .function with F x s e. Instead of going through the reasoning of Cam-
bern once again, we present the following alternative approach based on
the use of point evaluation type functionals. The technique of the proof we
utilize here is influenced by those used in the scalar version as appeared in
w x w x4 and 5 .
Proof of Theorem 1. For a Banach space M, we denote by U s m gM
5 5 4  5 5 4M: m F 1 the closed unit ball, by S s m g M: m s 1 the unitM
sphere, and by M* the Banach dual space of M. For x in X, y in Y, n in
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S , and m in S , we setE* F*
5 5S s f g C X , E : n f x s f s 1 , 4 .  . .x , n 0
5 5R s g g C Y , F : m g y s g s 1 , 4 .  . .y , m 0
y g Y : T S ; R for some m in S , if S / B, . 4x , n y , u F* x , n
Q sx , n  B, if S s B,x , m
and
Q s Q .Dx x , n
ngSE*
Claim 1. Q / B for all x in X.x
Note that the product space Y = U is a locally compact HausdorffF*
 .  .space. Define a linear isometry C from C Y, F into C Y = U by0 0 F*
C g y , m s m g y . .  .  . .
 . 5 5Fix an e in S and then a n in S such that n e s e s 1. ThenE E*
S / B, ; x g X. It now suffices to show thatx, n
y1  4C Tf 1 / B, ; x g X . . .F
fgSx , n
For each x in X, consider f , . . . , f in S . Let h s n f . We have1 n x, n is1 i
5 5 5  .5h s n and thus there is a y in Y such that Th y s n. So a m in sF*
  .. n   ..exists such that n s m Th y s  m Tf y . It then follows fromis1 i
5  .5   ..Tf y F 1, i s 1, . . . , n, that m Tf y s 1, i s 1, . . . , n, and thusi i
n
y1  4y , m g C Tf 1 / B. .  .  . .F i
is1
  ..y1 4. 4In other words, the family C Tf 1 : f g S of compact sets hasx, n
the finite intersection property. Consequently, Q / B.x
Claim 2. Q l Q s B if x / x .x x 1 21 2
Suppose on the contrary the existence of an y in Q l Q . Then therex x1 2
exist n and n in S and m and m in S such that1 2 E* 1 2 F*
m Tf y s n f x s 1, ; f g S .  . .  .1 1 1 x , n1 1
and
m Tg y s n g x s 1, ;g g S . .  . .  .2 2 2 x , n2 2
Let U and U be disjoint neighborhoods of x and x , respectively.1 2 1 2
Choose f in S and f in S such that f is supported in U ,1 x , n 2 x , n i i1 1 2 2
5 5 5  . .5i s 1, 2. Then f " f s 1 implies T f " f y F 1. In fact, the in-1 2 1 2
5  .5 5  . .  . .5 5 equalities 2 s 2 Tf y s T f q f y q T f y f y F T f q1 1 2 1 2 1
. .5 5  . .5 5  . .5f y q T f y f y ensure that T f " f y s 1. By the strict2 1 2 1 2
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 . .  . .convexity of F, we have T f y f y s T f y f y , and thus a con-1 2 1 2
 .traction that Tf y s 0!2
 .Let Y s D Q . Define w : Y ª X such that w y s x if y g Q .1 x g X x 1 x
 .   . 4For an f in C X, E , we denote coz f s x g X : f x / 0 and supp f0
the closure of coz f in X. An argument similar to that in the proof of
Claim 2 will give
 .  .  .Claim 3. For each f in C X, E , w y f supp f implies Tf y s 0.0
 . 5  .5Claim 4. h y is well defined and h y s 1 for all y in Y .1
For each y in Y , let1
J s f g C X , E : w y f supp f 4 .  .y 0
and
K s f g C X , E : f w y s 0 . 4 .  . .y 0
 .It is not hard to see that J is dense in K . For x in X resp. y in Y , lety y
 .  .  . w  .  .xd resp. d be the point evaluation map d f s f x resp d g s g yx y x y
 . w  .x  .of C X, E resp. C Y, F . By Claim 3, J ; ker d (T and thus0 0 y y
 .  .  .ker d s K ; ker d (T . Hence there exists a linear operator h yw y . y y
from E into F such that
d (T s h y (d . .y w  y .
 .In other words, for all f in C X, E ,0
Tf y s h y f w y . .  .  . . .
 .   ..For any e in E, choose an f in C X, E such that f w y s e and0
5 5 5 5 5  . 5 5  .   ...5 5  .5 5 5 5 5f s e . Since h y e s h y f w y s Tf y F Tf s f s
5 5 5  .5e , we conclude that h y F 1. In fact, it follows from the definition of
5  .5Y that h y s 1, ; y g Y .1 1
5  . 5The assertion that for each e in E and x in X, sup h y e : y g Y and1
 . 4 5 5w y s x s e is obvious if we pay attention to functions in the form of
 .  .f w s g w e, where g is a nonnegative continuous function on X vanish-
 .ing at infinity with maximum value g x s 1. Consequently, the norm
5 5 5 5 5 5identities Tf s f s Tf are established.`<Y1
Claim 5. w is continuous from Y onto X.1
 4   .4Let y be a net convergent to y in Y . If w y does not converge tol 1 l
 .w y , by passing to a subnet if necessary, we assume it converges to an x
 4in X s X D ` , the one-point compactification of X. Let U and U be` 1 2
 .disjoint neighborhoods of x and w y in X , respectively. There exists a l` 0
 .  .such that w y g U , ;l G l , and an f in C X, E such that coz f ; Ul 1 0 0 2
5  .5  .  .and Tf y / 0. For l G l , w y f supp f. By Claim 3, Tf y s 0,0 l l
  .4  .;l G l . Thus Tf y cannot converge to Tf y / 0, a contradiction.0 l
Hence w is continuous.
JEANG AND WONG290
  . .Claim 6. h: Y ª B E, F , SOT is continuous.1
 4  .Let y be a net convergent to y in Y . For e in E, f in C X, E existsl 1 0
 .  .such that f x s e for all x in a neighborhood of w y . Since w is
5  .  . 5continuous, there is a l such that for all l G l , h y e y h y e se e l
5  .   ..  .   ..5 5  .  .5   .4h y f w y y h y f w y s Tf y y Tf y . Since Tf y con-l l l l
 .verges to Tf y , the claim is thus verified. The proof is complete.
To end this note, we would like to remark that Y can be neither open1
 .nor closed, and h y need not be an isometry in general for y in Y as1
w xpointed out by an example in 3 .
ACKNOWLEDGMENTS
We would like to take this opportunity to express our deep thanks to Cho-Ho Chu and
Ka-Sing Lau for their encouragement.
REFERENCES
w x1 E. Behrends, M-structure and the Banach]Stone theorem, ``Lecture Notes in Mathemat-
ics,'' Vol. 736, Springer-Verlag, New York, 1979.
w x2 M. Cambern, The Banach]Stone property and the weak Banach]Stone property in
 .three-dimensional spaces, Proc. Amer. Math. Soc. 67 1977 , 55]61.
w x3 M. Cambern, A Holsztynski theorem for spaces of continuous vector-valued functions,Â
 .Studia Math. 63 1978 , 213]217.
w x4 W. Holsztynski, Continuous mappings induced by isometries of spaces of continuousÂ
 .function, Studia Math. 26 1966 , 133]136.
w x5 K. Jarosz, Automatic continuity of separating linear isomorphisms, Canad. Math. Bull. 33
 .1990 , 139]144.
w x  .6 J.-S. Jeang and N.-C. Wong, Weighted composition operators of C X 's, J. Math. Anal.0
 .Appl. 201 1996 , 981]993.
w x  .7 M. Jerison, The space of bounded maps into a Banach space, Ann. of Math. 52 1950 ,
309]327.
